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Model problem




Model problem

%u:Au in Q x (0,7

u=g¢g ondx(0,T)
u = wug at 9 x {0}



Model problem

Q= (0,1) x (0,1)
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Runge-Kutta methods




Runge-Kutta methods

u”t =u"" 1—|—7'Zbkm
1=1



Runge-Kutta methods




Preconditioner — idea
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Preconditioner — idea

M. M. Rana, V. E. Howle, K. Long, A. Meek, and W. Milestone. A New Block Preconditioner
for Implicit Runge-Kutta Methods for Parabolic PDE Problems, 2021.



Preconditioner — idea

T

tactor (IS ® 1, — %

A L)



Preconditioner — idea

T

hQ

factor (IS K1, ——=A L) ~ 1. ®1, — %‘factor (A)‘@ L




Preconditioner — idea

factor (IS ® I, — lA@ L) ~ 1. ®1, — %factor (A)® L




Preconditioner

T

SUa® L = Priene

ls @ 1, —

M (Ptriang) —1

sp.linalg.gmres (M, rhs, P"*")



Convergence analysis

sp.linalg.gmres



Convergence analysis

ual . triang) !
< min M ( P08
% ol = o 191 ( ) I
H deg(p)<k
o0 |[rg]
o < k(S) min max (i)
—~ |70l p(0)=1 ¢ esp(M(Prriznz)~1)
«d deg(p)<k
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Step | :



Preconditioner analysis

Step | :

M(Ptriang) -1




Preconditioner analysis

Step | :

M(Ptriang) -1

with Xz'j — diag (ngﬂ), - ,&{fg)) VZ]



Preconditioner analysis

Step Il :



Preconditioner analysis

Step |l :
_Xll Xls_

_Xsl Xss_
with X;; = diag (5@ ..... gﬁjﬂ'))

X 6 RRSXRS



Preconditioner analysis

Step |l :
X 11

X = :
_Xsl

with X, = diag (ggij )

X 6 RRSXRS

Xls_

XSS_

. ,gﬁjﬂ'))

(11 1s)7
gt ¢
c,l SS
R )
X,Lce RSXS



Preconditioner analysis

Lemma. Let X € R™*" gnd X € R**® be as above and set
) | IRG)
()

Then the eigenpairs of X are equal to (,ugk) Sék) X ek>.

eigenpair (Xy)

J. Liesen and Z. Strakos. GMRES convergence analysis for a convection-diffusion model problem
SIAM Journal on Scientific Computing, 26(6):1989-2009, 2005.
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Preconditioner analysis

Eigenvalues RadaullA, sn =2 - 121

0.041
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Preconditioner analysis

Theorem. Let s =2 and a1, det(A) # 0. Adopting the above notation and setting
sp(L) = { A\ }e and 0, = {5\ we have sp(M (Pma‘ng)_l) = {1} U}_; Ck with



Preconditioner analysis

Theorem. Let s =2 and a1, det(A) # 0. Adopting the above notation and setting
sp(L) = { A\ }e and 0, = {5\ we have sp(M (Pma‘ng)_l) = {1} U}_; Ck with

(1 — a9bp)(1 — a10y) — a2 ai207

(1 — (L119;C) (1 — ((LQQ — M)) Qk.

ail




Preconditioner analysis

Theorem. Let s =2 and a1, det(A) # 0. Adopting the above notation and setting
sp(L) = { A\ }e and 0, = {5\ we have sp(M (Pma‘ng)_l) = {1} U}_; Ck with

(1 — a9bp)(1 — a10y) — a2 ai207
(1 —ai10) (1 — (agz - —“%ﬁi”)) O

Moreover, assuming that as1 7% 0 it holds

Cr =

\/ 1+ aﬁ + qy,
max K (S) = ax
ke{l,...n} , oo} /1 + Oéﬁ — ag

with «ap = ‘
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Numerical examples

t =20 t =033 t=0.66 t=1




Numerical examples

First GMRES solve for the stage
functions of IRK

s = 2



relative residual
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Numerical examples

RadaullA, N = 2*4096
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Numerical examples

RadaullA, N = 2*4096

-® - The GMRES conv. benh.
—&— The GMRES bound
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Results & Generalizations




Results & Generalizations

- Spectral focus jusification

Multiple stages (s > 3)

I+

I+

2D spatial spectrum

-+

Other preconditioners

Other Butcher tabs

-+



Optimization of the method




Optimization of the method

Cl1 | 41,1 ai,s
Cs | Us,1 s, s
by ... b



Optimization of the method

* GMRES convergence

C1| Q11 ai,s

: * Order of convergence of RK
Cs | Us,1 g, s

by ... b

 Numerical stability (A, L)



Optimization of the method

* GMRES convergence

C1| Q11 ai,s

: * Order of convergence of RK
Cs | Us,1 g, s

by ... b

 Numerical stability (A, L)



Numerical examples

First GMRES solve for the stage
functions of IRK

s = 2



Numerical examples

RadaullA vs. Optimized, N = 2*4096
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Numerical examples

RadaullA vs. Optimized, N = 2*4096
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Numerical examples

Finite element method,
real-life geometry

s = 2



Model problem

1,
(a—yﬁ+ﬂ(a,V)>u:f in 2 x (0,7
u=g onlpx(0,7)
ou
ou
a_n+pu: OHFRX(OaT)

u=uy at 90 x {0}
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Model problem




Numerical examples




Numerical examples

The overal IRK method - average
GMRES iteration

S = 2




Numerical examples

DoF NoPrec | UpperTriang | UpperTriang opt
2324 42 10 2
2-1384 45 10 2
25712 42 10 2

223200 42 10 2
2-93504 42 11 3




Results & Generalizations




Results & Generalizations

- 2D spatial spectrum

+ Multiple stages (s > 3)

+ Stability (A, L) (& non-normality ?)

+ Other/New Butcher tabs (and preconditioners)

+ Efficiency
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